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Abstract 

Mirror Symmetry for a large class of three dimensional A/" = 4 super symmetric gauge 
theories has a natural explanation in terms of M-theory compactified on a product of ALE 
spaces. A pair of such mirror duals can be described as two different deformations of the 
eleven-dimensional supergravity background Ai = M?'^ x ALEi x ALE2, to which they flow 
in the deep IR. Using the A — D — E classification of ALE spaces, we present a neat way 
to catalogue dual quiver gauge theories that arise in this fashion. Li addition to the well- 
known examples studied in [1], [2], this procedure leads to new sets of dual theories. For a 
certain subset of dual theories which arise from the aforementioned M-theory background 
with an ^-type ALEi and a D-type ALE2, we verify the duality explicitly by a computation 
of partition functions of the theories on 5^, using localization techniques . We derive the 
relevant mirror map and discuss its agreement with predictions from the Type HB brane 
construction for these theories. 
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1 Introduction 

Mirror symmetry is an extremely interesting example of duality in three-dimensional supersym- 
metric gauge theories with moduli spaces (studied in [1], [2] for A/" = 4 supersymmetry). The 
duality involves pairs of gauge theories flowing to the same superconformal fixed point in the IR. 
In particular, mirror symmetry exchanges the Coulomb and the Higgs branches of the moduli 
spaces of the two theories and leads to a linear map (known as the "mirror map") between the 
Fayet-Iliopoulos parameters associated with vector multiplets in one theory and masses of hy- 
permultiplets in the other . The flavor symmetry at the superconformal fixed point is enhanced 
and this enhanced flavor symmetry group in the deep IR includes the flavor symmetry groups 
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of the individual gauge theories as subgroups. We will restrict ourselves to theories with A/" = 4 
supersymmetry in this work. 

A large class of three-dimensional supersymmetric gauge theories can be realized as world- 
volume theories on coincident D3 branes (with one compact direction) with appropriate boundary 
conditions at the two ends imposed by the presence of 5-branes (or orbifold/orientifold planes 
as we shall explain later) spanning directions orthogonal to the compact direction. Given a gauge 
theory with such a description, the mirror dual is obtained simply as the world-volume theory 
on the same set of coincident D3 branes with S-dual boundary conditions. Therefore, mirror 
symmetry can be understood as a consequence of S-duality in Type JIB string theory. 

In [7j, mirror duality between pairs of An-i quiver gauge theories was deduced in this fashion 
and the construction was later extended to Dn quivers [6|. In this note, we focus on the M- 
theory/ Type IIA realization of mirror symmetry for these quiver gauge theories, the basic idea 
for which was laid out in [8j. We first discuss the complete M-theory description of the duality 
for pairs of A„_i-type quivers and then show how the M-theory picture provides a nice way to 
catalogue mirror dual theories. In the process, we obtain new mirror pairs in addition to the 
more well-known examples discussed in [I], [2] . We discuss the Type IIB realization for some of 
these theories. 

The rest of the paper is devoted to studying the duality of mirror pairs using a direct comparison 
of their partition functions on S*^. The basic strategy is to show that the partition functions of 
the dual theories (each of which can be expressed as finite-dimensional integrals) are related by a 
simple redefinition of integration variables. In addition to confirming the duality, this provides a 
nice way to read off the mirror map between dual theories. In [9], such an analysis was performed 
for dual pairs involving A„_i-type quivers. Here, we extend that computation to include certain 
theories involving D„-type quivers and derive the mirror maps in such cases, comparing our 
results to predictions from Type IIB considerations. 

The paper is organized as follows: Section 2 deals with the basic properties of A/" = 4 
supersymmetric gauge theories in three dimensions and presents an elementary discussion on the 
Type IIB description of Mirror Symmetry. In section 3, we describe the M-theory picture and 
present a catalogue of mirror pairs that can arise in this fashion. Section 4 contains the partition 
function computation and derivation of the mirror maps. 
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2 I) = 3, A/^ = 4 Supersymmetric Gauge Theories 



2.1 Massless Spectrum and R-symmetry 

A/" = 4 supersymmetry in D = 3 has 8 real supercharges, which are doublets of Spin{2, 1) ~ 
5'L(2,R) and transform as (2,2) under the R-symmetry group, SU{2)r x SU{2)l. The mass- 
less supermultiplets are most conveniently obtained by dimensional reduction of the (1,0) su- 
persymmetry in D = 6, where the supercharges are four-component Majorana-Weyl spinors 
(in D = Q) transforming as doublets of the Sp(l) ~ SU{2)x R-symmetry. The massless 
representations of the Poincare algebra are labelled by the representations of the little group 
Spin{4) ~ SU{2)i x SU{2)2 '■{2ji + l,2j2 + 1), where ji,j2 denote the "spins" for the rep- 
resentations of SU{2)i and SU{2)2 respectively. The particle content of the lowest massless 
representations (those without the graviton, or particles of yet-higher spin) of D = 6, A/" = 1 can 
be summarized as follows: 

Tensor multiplet:(3, 1; 1) + (2, 1; 2) + (1, 1; 1) 

Vector multiplet:(2, 2; 1) + (1, 2; 2) 

Half-hyper multiplet:(l, 1; 2) + (2, 1; 1) 

where we have indicated the representation of SU{2)i x SU{2)2 x SU{2)x, and denoted the 
fermions in bold. 

On dimensional reduction to three dimensions, we embed SU{2)l diagonally in SU {2)i x 
SU{2)2 and SU{2)r in SU{2)x- The transformation properties of the dimensionally reduced 
fields (bosons and fermions respectively) under the R-symmetry group SU{2)l x SU{2)r can be 
summarized as: 

Tensor multiplet:(3 1, 1) + (2, 2) 

Vector multiplet:(3 ® 1, 1) + (2, 2) 

Half-hyper multiplet:(l, 2) + (2, 1) 

For the 3D vector multiplets (the reductions of 6D vector or tensor multiplets), the bosons 
consist of an 5'C/(2)i-triplet of scalars and a gauge boson, which is an R-symmetry singlet. 
Strictly speaking, the latter can be dualized to a circle-valued scalar only for an abelian gauge 
field. In that case, we obtain 4 scalars,transforming overall as (3 © 1, 1). Nevertheless, for a non- 
abelian gauge field, the gauge symmetry (on either the Coulomb or Higgs branches) is higgsed 
to at most an abelian subgroup. So it is useful to carry over this counting in describing the 
low-energy theory. 

The half-hypermultiplets transform in pseudo-real representation of the gauge group. Two 
copies of half-hypers give a A/" = 4 hypermultiplet in three dimensions. 

Since the matter content in these supermultiplets is not symmetric with respect to the ex- 
change SU{2)r •h- SU{2)l, there can be "twisted" multiplets where SU{2)r and SU{2)l are 
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exchanged. 



2.2 Lagrangian Description of A/^ = 4 theories 

The action for the J\f — A supersymmetric gauge theories is most conveniently presented in the 
M — 2 superspace language. A J\f — A vector multiplet consists of one J\f — 2 vector multiplet 
and one Af — 2 chiral multiplet in the adjoint of the gauge group. The action for a jV = 4 quiver 
gauge theory consists of the following terms: 

• A Yang- Mills term for each factor in the gauge group. 

Sym = [ d^x(fe£e{\Y? - $^ exp 2V^) (1) 
9ym J 4 

where E is a = 2 linear multiplet, defined as E = iDDV, where F is a = 2 vector multiplet, 
which is part of the M — A vector multiplet. $ is a chiral multiplet in the adjoint of the gauge 
group. 

• Kinetic terms and minimal gauge couplings for the hypermultiplets. 



Smatter = - / d^xd^Od^O ^(^j CXp 2^0, + CXp {-2V)4>i) (2) 

where 0i, 0^ are M — 2 chiral multiplets constituting a = 4 hypermultiplet (for each i) and 
the sum is over all the flavors in the theory. 

• Holomorphic superpotential term for the M — 2 chiral multiplets, compatible with the 
J\f — A supersymmetry. 

S,up = -a/2 / d^xd^eJ^i^i^'Pi + c-c.) (3) 

i 

There are two possible deformations of the theory - namely, adding real or complex mass 
terms for the hypers or adding Fayet-Ihopoulos (FI) terms for the C/(l) factors in the gauge 
group. 

• The hypermultiplet masses transform as triplets of SU (2) i and can be interpreted as the 
lowest components of a background Af — 4 vector multiplet coupled with the flavor sym- 
metry currents in the usual way. 
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Srru^ss = - / d^xdWeJ^i^l'i exp ^Vlcf)^ + exp {-2Vl)^i) - i/2 j d^x£9 + c.c.) 

i i 

(4) 

where and are respectively the M = 2 vector and chiral multiplets which make up the 
J\f = 4: background vector multiplet. 

• The FI factors transform as a triplet of SU{2)ii and can be thought of as the lowest 
components of a twisted Af — A background vector multiplet, coupled to the topological 
currents for the C/(l) factors in the gauge group by a BF term, 

Sfi = Tr j d^xd'^ed^EVpi + Tr( J d^xd^O^^pi + c.c.) (5) 
where the Tr picks up the C/(l) factors. The " denotes a twisted multiplet. 



2.3 IR Behavior and Mirror Symmetry 

In the rest of the paper, we will be concerned with the infrared limit of the A/" = 4 supersymmetric 
gauge theories, where they approach a superconformal fixed point. The low-energy theory has a 
R-symmetry Spin{4) C OSp{4\4) (the superconformal symmetry), which, in most cases, coincides 
with the manifest SU{2)r x SU{2)l in the Lagrangian description of the theory. For such 
theories, the conformal dimension for the bosonic fields is 1 for the vector multiplet and \ for the 
hypermultiplet. This obviously implies that the Yang-Mills term in the Lagrangian is irrelevant in 
the IR. The IR limit thus coincides with the strong coupUng limit of the gauge theory, qym oo. 

The low-energy theory has a Coulomb branch where the expectation values of the hyper- 
multiplet scalars are zero and the expectation values of the vector and adjoint scalars are in 
the Cartan subalgebra of the gauge group G. For a generic vev, the gauge group is broken to 
C/(l)'',where r = rank{G). The Coulomb branch is a hyper-Kahler manifold of real dimension 
4r , parametrized by vevs of one dual scalar and three adjoint scalars for every U{1) factor. The 
Higgs branch, on the other hand, is characterized by non-zero vevs of the hypermultiplet scalars 
which break the gauge group completely. If the hypermultiplets transform in the representation 
R of the gauge group G, then the Higgs branch is given by the hyper-Kahler quotient M/ G (M 
being the quaternionic manifold parametrized by the scalar vevs of the hypermultiplet in the 
representation R ) and parametrized by 4n real scalars, where n — dimc{R) — dim-^{G). 

Two theories with J\f — 4 supersymmetry in D — 3 (generically known as the A and the B 
model) are mirrors if they are related by an exchange of the Coulomb and the Higgs branch. 
This naturally implies an exchange of vector multiplets and hypermultiplets, SU(2)ji and SU (2) ^ 
in the R-symmetry transformations and also the FI parameters and the hypermultiplet masses. 
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Note that this 3D Mirror Symmetry is only a duahty in the IR hmit, and not at arbitrary energy 
scales. 

In the next section, we discuss the Type IIB description of this duality for a discrete family 
of An-i quiver gauge theory pairs. 

2.4 Mirror Symmetry: Type IIB (Hanany-Witten) Interpretation 

The most commonly cited example of mirror duality involves the following discrete family of 
quiver gauge theory pairs: 

A-modehU {k)"^ gauge theory with the matter content given by an extended ^4^-1 quiver 
diagram ([3] (a)) with the (m + l)th node being identified with the first node. The i-th factor in 
the gauge group has Wi fundamental hypers, such that J2i '^i = 

B-model:f/(A;)"' gauge theory with the matter content given by an extended An-i quiver 
diagram (jS] (b)) with the (n + l)th node being identified with the first node. The j-th factor in 
the gauge group has Vj fundamental hypers, such that Ylij "^j = 

A simple counting of quaternionic dimensions of the Coulomb and Higgs branches shows, 
dimMQ = dimM§ = mk and dimM^ = dimM^ = nk, as expected from duality. For a given 
sequence of integers {wi} specifying the A-model, the sequence of integers {vj} in the B-model 
are determined by the following rule: 

Consider a Young diagram with m rows such that the length of the p-th row (the one at the 
top of the diagram is assigned p = l)is given by Yl^=i '^i- Then the length of the g-th column of 
the Young diagram (the right-hand-most column is assigned g = 1) is given as Yl'j=i'^ji thereby 
determining the set of integers {vj}. 

Finally, masses and FI parameters of the A-model are related to the FI parameters and masses 
of the B-model respectively by a set of linear equations, usually called "mirror maps" . For the 
A-model, the total number of independent FI parameters is m (one for each f/(l) in the gauge 
group) while the number of independent mass parameters is n + m — m = n- accounting for the 
linear combination of masses that can be eliminated for every U{1) factor in the gauge group by 
shifting the origin of the Coulomb branch. For the B-model, the total number of independent 
mass parameters is m + n — n = m while the number of FI parameters is n, following the 
same reasoning as in the A-model. This gives a counting evidence of the fact that mirror duality 
exchanges masses and FI parameters. The precise form of the mirror map between FI parameters 
of the A-model and mass parameters of the B-model is given by |2], 




(6) 



1=1 



or equivalent ly by. 
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= mf - mf_, (7) 

Mirror duality for any pair of theories, described above, can be interpreted as a direct consequence 
of S-duality by resorting to a Type IIB brane construction involving D3, D5 and NS5 branes [7] 
. Consider a Type IIB background, M = M^'^ x x x A set of NS5 branes wrapping 
M^'^ X M.% are located at different points in x Mil while a set of D5 branes extend along 
M?'^ X Ml and are located at different points in the transverse space 5*^ x M^. Finally, D3 branes 
wrapping M^'^ x 5*^ can stretch between pairs of 5 branes located at adjacent points on the S^. 

The configuration of branes described above preserves eight real supercharges - appropriate 
amount of supersymmetry for A/" = 4 theories in three dimensions. Since the 5-branes are 
infinitely extended in two directions transverse to the 3-branes, the 5-brane world-volume fields 
have infinitely large volume coefficients in their kinetic terms compared to the world-volume fields 
on the D3 brane. As a result, 5 brane fields can essentially be treated as frozen backgrounds and 
enter the world-volume theory of the D3 branes as moduli in the effective QFT. 

A D3 brane wraps the compact direction S^, along which the (3+l)-dimensional world- volume 
theory can be Kaluza-Klein reduced to give a (2+l)-dimensional theory. Dynamical fields in this 
theory naturally arise from lightest excitations of open strings stretched between pairs of D- 
branes. Following the discussion in [7], the properties of this (2+l)-dimensional theory can be 
read off from the brane construction as follows: 

• Open strings beginning and ending on k coincident D3 branes stretched between two NS5 
branes give a Af = 4, D = 3vector multiplet with a gauge group U{k). The gauge coupling for 
the vector multiplet is given as, 

= \si - S2I (8) 

9ym 

where si, S2 are the positions of the two NS5 branes on S^. 

• Open strings beginning(ending) on k coincident D3 branes stretched between the ith and the 
{i + l)th NS5 and ending (beginning) on k' coincident D3 branes stretched between the {i + l)th 
and the {i + 2)th NS5 give a Af = 4, D = 3 hypermultiplet in the bifundamental representation 
oiU{k) X U{k'). 

• Open strings beginning(ending) on k coincident D3 branes stretched between the ith and 
the {i + l)th NS5 and ending(beginning) on p D5 branes whose coordinates lie between the 
two NS5 branes in question gives p hypermultiplets in the fundamental representation of U{k). 

• The positions of the NS5 branes in M^ correspond to the FI parameters for the gauge groups. 
Assuming that all the D3 branes are located at the origin of M.%, the positions of the D5 branes 
in correspond to the masses of the fundamental hypers. The masses of the bifundamental 
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hypers correspond to the relative position of D3 branes between the ith pair of NS5 branes with 
respect to the D3 branes between the {i + l)th pair along M^, which we set to zero. 

With these rules, one can immediately write down the appropriate Type JIB brane construc- 
tion for the A-model. It simply consists of m NS5 branes arranged in a circle with Wi D5 branes 
located between the ith and the {i + l)th NS5 on the circle,such that ^^Wi ~ n. Finally, we 
have m sets of k D3 branes stretched between the m pairs of NS5 branes, without any relative 
displacement along 

Now,let us consider the action of S-duahty on this system. NS5 and D5 branes transform 
into each other under S-duality while D3 branes remain invariant. The S-dual system consists 
of n NS5 branes and m D5 branes and one can easily see that the number of D5 branes between 
the jth and the {j + l)th NS5 is precisely Vj (for all j) - the answer expected from the Young 
diagram rule stated above (after a possible cyclic permutation of brane labels). Therefore, the S- 
dual system clearly gives a Type IIB brane construction for the B-model: a U{k)" gauge theory 
described by a quiver and a distribution of m fundamental hypers among its' n nodes 

given by the sequence Vj. Also, since positions of NS5 and D5 are interchanged, the mapping of 
FI parameters to masses and vice-versa is trivially achieved.This is how mirror duality in three 
dimension can be understood as a consequence of S-duality in a Type IIB set-up. 

In the next section, we present another description of the duality in terms of a Type IIA/M- 
theory. Obviously, the two descriptions are related via T-duality along S^. but the M-theory 
picture, as we shall soon demonstrate, is helpful in classifying a large family of mirror duals and 
also finding new dual pairs. 

3 M-theory Perspective and Cataloging Mirror Duals 
3.1 M-theory Description of Mirror Symmetry 

The M-theory description of mirror duality involves a solution of IID supergravity with the 
following geometry, Ai : M^'^ x ALEi x ALE2, where ALE denotes an "Asymptotically Locally 
Euclidean" space - a smooth hyper-Kahler resolution of an orbifold singularity of the form C^/F 
(F being a discrete subgroup of SU (2)). The ALE spaces have a well-known A-D-E classification, 
which is related to the A-D-E classification of the discrete subgroups of SU (2) appearing in the 
orbifold limit of these spaces. In what follows, we will restrict ourselves to A and D type ALE 
spaces, which can be further deformed to "Asymptotically Locally Flat" or ALE spaces. These 
are four-dimensional hyper-Kahler manifolds, locally asymptotic to x at infinity (we will 
discuss a concrete case in a moment). 

Consider first a simpler solution of IID supergravity M — R^'^ x x ALE, where the ALE 
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space has an An-i singularity, i.e. this ALE space is the hyper-Kahler resolution of the orbifold 
singularity C^/Z„ .The ALE metric is explicitly given as follows: 

dsl^j^ = Hdr^ + H-\dxn + C.df)^ (9) 

where H =1 V? , ^ and V x (7 = ~VH. 

Now, we compactify the coordinate Xu as xn = xu + 27fg^/(7 and deform H H' , where 

where Qym = 9s~ry- This deformation gives a muti-centered Taub-Nut space, which is locally 

V a' 

asymptotic to M.^ x at infinity (and hence "asymptotically locally flat"). At a generic point, 
the manifold is circle bundle over and at the centers of the Taub-Nut r = r j the circle fiber 
shrinks to zero radius. 

Note that the deformed background approaches the original background in the limit qym — )■ 

oo. 

This deformed M-theory background can be understood as the M-theory lift of a Type IIA 
supergravity background of n D6 branes at transverse positions r^, wrapping the C^. In addition, 
if we have k M2 branes wrapping the M^'^ in the M-theory picture, then these become k D2 
probe branes in the IIA picture. This Type IIA background preserves 8 real supercharges and as 
a result the world-volume gauge theory on the D2 branes has A/" = 4 supersymmetry. The gauge 
couplings are all proportional to qym as defined above. 

One can similarly deform an ALE with a Dn-tjpe singularity to an ALF form - the corre- 
sponding space turns out to be a generalization of the Atiyah-Hitchin space [12] . One can show 
that this space appears as the resolution of the orbifold singularity C^/©„_2, where 'Bn-2 denotes 
the Dihedral group with a Z2 central extension. The resultant Type IIA background consists of 
n D6 branes at transverse positions parallel to an 06 plane which wraps the C^. 

Now, consider the manifold we are interested in, namely, Ai : R^'^ x ALEi x ALE2, where the 
ALE spaces are associated An-i and Am-i singularities respectively. Deforming ALEi — > ALFi, 
the resultant M-theory background A4 : R^'^ x ALFi x ALE2 can easily be seen to correspond 
to a Type IIA background with nDQ branes wrapping ALE2. The k M2 branes become k D2 
branes in the Type IIA picture. The three-dimensional world-volume gauge theory given by 
the spectrum of D2 — D2 and D2 — D6 open strings is an A^-i quiver gauge theory with n 
fundamental hypers associated with one of the m U{k) gauge groups. The gauge couplings are 
proportional to Qym which, in turn, is proportional to the radius of the circle fiber for ALFi at 
infinity (equation [TOi) . 

One can similarly consider the deformed M-theory background Ai' : R^'^ x ALEi x ALF2, which 
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leads to a Type IIA background with rriDQ branes wrapping ALEi. The three-dimensional 
world-volume gauge theory on the D2 branes, in this case, is an quiver gauge theory with 
m fundamental hypers associated with one of the n U{k) gauge groups. The gauge couplings are 
proportional to g'yM which is proportional to the radius of the circle fiber for ALF2 at infinity. 
In the IR limit, when gYM^QYAi ~^ 00, the two quiver gauge theories, in question, are described 
by the same M-theory background Ai : M^'^ x ALEi x ALE2 and therefore have equivalent IR 
dynamics. The exchange of hypermultiplet masses and FI parameters can also be clearly seen. 
In the A- model (obtained by deforming ALEi to ALFi), the parameters f^"'' appear as masses of 
the fundamental hypers while the parameters f^™'* are the FI parameters. In the B-model, their 
roles are reversed. 

We are, however, not done yet since mirror duality, as argued in the previous subsection, exists 
between a discrete family of pairs of Am~i and An-i quiver gauge theories, where each distinct 
pair can be characterized by a certain distribution {w.i} of n fundamental hypers on the A^^-i 
quiver and a related distribution {vj} of m fundamental hypers on the A^-i quiver. In the Type 
IIA picture, the distribution of fundamental hypers can be achieved by turning on background 
fluxes for world- volume gauge-fields on D6 branes. For example, consider the A-model described 
previously. In the orbifold limit of the ALE space which D6s are wrapping, the Wilson line e*-^"^' 
for the i-th D6 world-volume gauge field along a closed path around the orbifold singularity can 
have any value where z = e^'^*/™' and U = 0, l,...,m — 1. We now define the number of 
D6 branes with Wilson line z'* as Wj, so that the U{n) Wilson line diagonalizes into blocks of 
dimension Wi. This naturally leads to the required fiavor-symmetry breaking U{n) — )■ Ilj^l^*)- 
An identical procedure for the B-model gives the fiavor-symmetry breaking U{m) — t- Y\j^{'^j)i 
where {wj}s and {fj}s are related in a particular way described by the Young diagram rule of 
the previous section. Since the set of integers {wi} in the A-model essentially determines the set 
of integers {vj} in the B-model, the background fluxes in the two cases must be related to each 
other as well. This relation is best understood in the M-theory lift of these theories. 

In the M-theory picture, the background gauge-field fiuxes are lifted to appropriate 4-form 
G-fiuxes in the purely geometrical background described so far. In the rest of the subsection, we 
write down an explicit expression for this G-fiux in terms of a basis of self-dual two forms on the 
Taub-Nut introduced by Witten in [5] and show how it leads to the appropriate fiavor-symmetry 
breaking in the mirror dual theories. For this purpose, we will consider a slightly more general 
M-theory background, M^'^ x ALFi x ALF2 (one can obviously take ALE limits of the results 
whenever necessary). 

Let us denote by uf the set of anti-selfdual 2-forms on TN^ (Taub-Nut associated with a Aa-i 
singularity) which are curvature forms of a independent U{1) gauge fields over TN„. Equivalently, 
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these can be treated as curvature (1,1) forms (in some chosen complex structure) over a complex 
line-bundles Li — )■ TNq,, 2 = 1,..., a. InfS], these 2-forms were shown to arise naturally in course 
of the hyper-Kahler quotient construction of a multi-centered Taub-Nut space and were explicitly 
constructed. On T-dualizing a Hanany-Witten system with a NS5 branes, cjf s appear as the a 
B- field modes that are dual to the positions of the NS5s on the 5*^. These 2-forms define a basis 
for H'^iTNa, 1) and obey the constraint that the two-form u = ^"^^ has a vanishing integral 
over each compact cycle on the Taub-Nut. 

The G-flux on the M-theory background M^'^ x ALFi x ALF2 can be described in a basis of 
the 4-forms cj" A u"^ as follows: 

n m 

i=i j=i 

where Ojj is a n x m matrix with entries or 1. For a given Young diagram representing the 
integers {wi} and {vj}, be specified by the following rule: 

• ttij = 1 if there's a box at the ij-th position and is assigned the value otherwise (the index 
i of increases from bottom to top of the Young diagram while the index j of increases 
from right to left). 

The A- model corresponds to taking the circle direction of M-theory along TA^„(ALFi). On 
writing the G-flux as G = Yl!i=i ^ -^i") ^^e ith D6 brane is endowed with the flux F" = 
YlJLi (^ij'^J' i^oT i = l,...,n). For the B-model, the circle direction is chosen along TNm and 
writing G = XljLi ^ '^T^ deduce that the flux on the jth D6 brane is Fj" = XliLi ^ij'^? 
(for j = 1, ...,m). One can easily check that flux configurations constructed above lead to the 
appropriate flavor-symmetry breaking in the A and B-model respectively. Therefore, we obtain 
a complete M-theory description for mirror duality involving A-type quivers on both sides. 

For a given An-i quiver gauge theory, the background fluxes in the Type IIA picture can 
obviously be derived by T-dualizing the Type IIB brane construction [5]. Each D6 brane, ob- 
tained by T-dualizing a D5 brane along the circle direction, is associated with a Chan-Paton 
line bundle over TNn- Suppose the ith D5 brane is located between the cTjth and the o"j+ith 
NS5 brane (with respect to some base point on the circle) in the compact direction. Then the 
Chan-Paton line bundle for the ith D6 brane is TZi = Therefore, the flux on the ith 

D6 brane (obtained on T-dualizing along the circle) is given as, 

^. = E^." (12) 

k=l 

One can easily check that the prescription for G-fluxes mentioned previously is consistent with 
the above equation (up to a possible relabeling of w^s). We demonstrate this equivalence now 
using a toy example. Let the A-model be a U{k)^ gauge theory with four fundamental hypers 
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whose distribution on the quiver is given by the set {wi} = {1, 1,0, 1, 1}. The Type IIB brane 
construction for this theory is shown in figure [1] - the sohd and dotted fines represent tfie NS5 
branes and D5 branes respectively. Figure [2] gives tfie Young diagram cfiaracterizing tfie distri- 
bution of fundamental fiypers for tfiis tfieory and its mirror dual. Tfie mirror dual is tfierefore a 
U{kY tfieory witfi five fundamental fiyper distributed on tfie quiver as {vj} = {1, 1, 2, 1}. 




Figure 1: Hanany-Witten set-up for a U{k)^ quiver gauge tfieory witfi fundamental fiypers {wi} 
{1,1,0,1,1} 



Figure 2: Young Diagram encoding distribution of fundamental fiypers for tfie U{k)^ quiver 
gauge tfieory and its mirror dual 

In tfiis case, tfie G-flux is given by tfie rule in equation [TT| 



G = AujI + uj2 A{ujI + UJ2) + A {uf + ... + wl) 
+ uIa{ujI + + col) 



(13) 
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On writing the G-flux as G = J2t=i ^ -^o fluxes can be read off from the above equation: 
= uj\,F2 = + wl, Fg = ujI + + 1^4, F4 = uj\ + +1^5) ill obvious agreement with 

equation [121 Note that the above conflguration of fluxes also gives the required flavor symmetry 

breaking U{A) U{1)^. 

One can read off the fluxes in the B-model in a similar fashion by writing G = Yl^j=i ^ 

and show that they agree with equation [121 up to a relabeling of the ufs. The flux conflguration 

also leads to the correct flavor symmetry breaking U{5) — )■ U{1)^ x U{2), in this case. 

3.2 Cataloging Mirror Duals 

The M-theory interpretation of mirror symmetry, described above, provides a neat way to cat- 
alogue a large class of mirror dual quiver gauge theories in terms of singularities appearing in 
the orbifold limit of the ALE spaces. A generic M-theory background Ai : M^'^ x ALEi x ALE2 
reduces to the orbifold M^'^ x C^/Fi x C^/r2 in this limit, with the G-fluxes collapsing at the 
Fi X r2 singularity. Below, we list the mirror duals that can be obtained for different choices of 
Fi and F2 (we will often refer to these as Fi x F2 mirror dual theories), restricting ourselves to 
A and D-type singularities only. 

In each case, we compute the quaternionic dimensions of the Coulomb and Higgs branches of 
the dual models and provide a counting evidence for the duality. 

• Fi = Z„,F2 = l^m 

A-model: U{k)"^ gauge theory with the matter content given by an extended A^-i quiver 
diagram (flgl31 (a)) with the (m + l)th node being identifled with the flrst node. The i-th factor 
in the gauge group has Wi fundamental hypers, such that J2i '^i = 

dimM^ = mk (14) 

dimM^ = nk (15) 

B-model: f/(fc)" gauge theory with the matter content given by an extended An-i quiver diagram 
(flgEl (a)) with the {n + l)th node being identifled with the flrst node. The j'-th factor in the 
gauge group has Vj fundamental hypers, such that J2j '^j = ^■ 

dimMc =nk (16) 
dimMff =mk (17) 

• Fi = Zn,T2 = Trivial 
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Figure 3: Mirror Duals for Fi = Z„,F2 = Z„,. Each black node denotes a U{k) factor in the 
gauge group while the white node connected to it by a solid line denotes fundamental hyper (s) 
of that U{k) 




(a) 



9 1 



U{k), 



Figure 4: Mirror Duals for Fi = Z„,F2 = Trivial.The fundamental hypers are denoted by white 
nodes while the adjoint hyper of the A-model is drawn as a circle beginning and ending on the 
black node, representing the U{k) vector multiplet. 
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A-model: U (k) gauge theory with n fundamental hypers and one hyper in the adjoint of U (k) 
(fig. a (a)). 

dimM^ = k (18) 
dimMH = nk (19) 

B-modeh U{k)"' gauge theory with the matter content given by an extended An-i quiver diagram 
(fig. m (b)) with the [n + l)th node being identified with the first node. One of the U{k) factor 
which we label as U{k)i has one hyper in the fundamental representation. 

dimMc = nk (20) 
dimM§ = k (21) 

• Fi = ro„_2;r2 = Trivial 




Figure 5: Mirror Duals for Fi = D„_2)r2 = Trivial. In figure (a), the black nodes denote the 
U {2k) factors, the white ones denote the U (k) factors and the single fundamental hyper is drawn 
as a white square connected to the appropriate U{k) factor by a solid line. In figure (b), the 
white node denotes the vector multiplet, while the large and the small square represent the set 
of n fundamental hypers and the single antisymmetric hyper respectively. 



A-model:?7(A;)^ x U{2k)" ^ gauge theory with the matter content given by an extended D„-2 
quiver diagram (fig. |5](a)). One of the U{k) factors has one fundamental hyper. 
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dimM^ = 2k{n - 1) 



(22) 
(23) 



B-model: Sp{k) gauge theory with n fundamental hypers and one hyper in the anti-symmetric 
representation of Sp{k) (fig. [5](b)). 



dimM^ = k 
dimM§ = 2k{n - 1) 



(24) 
(25) 



"m-2 



n even (n>2) 



wf^ U(k) 



im- ^i'^) 




■■Ou{k) u 



,=(2fc) 



o- 

m 



„(*) 



(a) 



o— 



V2 



{7(2fc)„_, 



Sp(fc)2 

-o 



J7(2fc)j 



■»3 



Z7(2fc)„_j 



Figure 6: Mirror Duals for Fi = Z„,F2 = with n even. Fundamental hypers are simply 

denoted as dotted lines connected to the appropriate black/white node. 



A-modehU (k)'^ x U{2k)"^~^ x U{k)'^ gauge theory with the matter content given by a ID'rra-2 
quiver diagram (fig. [6] (a)). The ith factor in the gauge group has Wi fundamental hypers, such 
that Ylj^Wili = n, where /j = 1, 2 is the Dynkin label for the ith node. 

dimM^ = 2k{m - 1) (26) 
dimM^ = nk (27) 
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B-model:S'p(A;) x U{2k)2 ^ x Sp{k) gauge theory with bi-fundamentals (fig. [6] (b)). The ith 
factor in the gauge group has Vi fundamentals, where J^i "^i = 



n odd (n>l) 



dimM^ = nk 
dimMH = 2k{m- 



(28) 
(29) 



wl"' U{k) 

Q 



,(2i) 



/ mk), 



U(k) Ik) 



o- 



■o 



,.(*) 



U(k) ) 



Sp(fc)i 

o- 



«2 



(a) 

Pi 



o- 

U{k) 



U{2k)^ 



U(2k), 
i !7(2/c)3 



;7(2fc)^_j 



(fc) 



Ias 

-o 



U{2k),j-i 



Vi 



V3 



(6) 



Figure 7: Mirror Duals for Fi = Z„,F2 = with n odd 



A-model:?7(A;)^ x U{2k)"^~^ x U{kY gauge theory with the matter content given by a ©^-2 
quiver diagram (fig. [7] (a)). The ith factor in the gauge group has Wi fundamental hypers, such 
that WiU = ?T,,where = 1, 2 is the Dynkin label for the zth node. 

dimM^ = 2k{m - 1) (30) 
dimM^ = nk (31) 

n — 1 

B-model:S'p(A;) x U{2k)^~ gauge theory with bi-fundamentals and one hyper in the antisymmet- 
ric representation of U (2A;) n-i (fig. E] (b)). The ith factor in the gauge group has Vi fundamentals, 
where J2i "^j = 

dimMc = nk (32) 
dimM§ = 2k{m - 1) (33) 
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n,m even (n,m > 4) 



ih) 



''2 



„(*0 



Sp(fc) 
■0 



,(2*) 



\ 



■■Osp(fc) u 



Sp{2A;)^ 



SO(4A:)2 



■(2fc) 



Sp(fc) 



,(2i:) 



Sp(2/c)i 



,(2fe) 
'3 



/S0(4fc)J S0(4fc)j 

•O ,,f2ft) 
Sp(fc) "2 



(6) 



W .i 


Sp(fc) 


(i) 




/ 








-1 


m— 4 


V 

Sp(fc) 


(fc) 

«'4 ' 


77 — . J ; 


Sp(fc) 


"3 


sp(2fc)„_2 i 


/ 






S0(4fc) ,. 


-1 


(2!i) 
ft— 4 


V 

Sp(fe) 


[k) 



Figure 8: Mirror Duals for Fi = ro„_2,F2 = Dm_2, with n, m even. The sohd hues connecting a 
pair of black nodes or a black and white node denote half-hypers in the bi-fundamental of the 
corresponding gauge groups. Fundamental hypers are denoted by dotted lines. 



A-model:S'j9(A;)^ x S'0(4A;)'^~^ x Sp{2k)^~'^ x Sp{kY gauge theory, with bi-fundamental half- 
hypers (fig. [H] (a)), described by a Dm-2 quiver. The ith factor of the gauge group has Wi 
fundamentals, such that Wili = n, where Zj = 1, 2 is the Dynkin label for the ith node. 

dimM^ = 2k{m - 1) (34) 

dimM^ = 2k{n - 1) (35) 

B-model:S'p(A;)^ x S0{4:k)^^^ x Sp{2k)^~^ x Sp{kY gauge theory, with bi-fundamental half-hypers 
(fig. [8] (b)), described by a ]I3ri_2 quiver. The ith factor of the gauge group has Vi fundamentals, 
such that Ylii'^i^i — where U = 1,2 is the Dynkin label for the ith node. 

dimM^ = 2k{n - 1) (36) 
dimM^ = 2k{m - 1) (37) 

• n odd,m even (n>3,m>4) 
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(fc) 
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Sp(2fc)j 
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Figure 9: Mirror Duals for Fi = D„_2,F2 = II5jn-2, with n odd and m even. The "dot-dash" hne 
denotes the bifundamental hyper for Sp{2k) x U {2k) in figure (b) 



A-modehS'p(A;)^ x SO{Ak)^~^ x Sp{2k)^~'^ x Sp{kY gauge theory, with bi-fundamental half- 
hypers (fig. M (a)), described by a B>m-2 quiver. The ith factor of the gauge group has Wi 
fundamentals, such that Yli "^ih = where /j = 1, 2 is the Dynkin label for the ith node. 



dimM^ 



2k{m - 1) (38) 

: 2k{n - 1) (39) 

B-modeh Sp{ky x SO{Ak)^ x Sp{2k)^ x U{2k) gauge theory, with half-hypers in the bi- 
fundamental of Sp{k) X SO{Ak) and Sp{2k) x SO{Ak) (|9](b)) and one hyper in the bi-fundamental 
of Sp{2k) X U{2k) (fig. |9] (b)). The ith. factor of the gauge group has Vi fundamentals, such that 
Y,i Vik = n, where k 



Rank{g,) ^-^^ factor in the gauge group. 

2fc(n- 1) 



dimMc 



(40) 



dimM^ 



H 



2k{m-l) (41) 
• n odd,m odd (n,m>3) 

A-model:5'p(A;)^ x S'0(4/c)^^ x Sp{2k)^^ x U{2k) gauge theory, with half-hypers in the 
bi-fundamental of Sp{k) x SO{Ak) and Sp{2k) x SO{Ak) (figHO] ) and one hyper in the bi- 
fundamental of Sp{2k) X U(2k) . The ith factor of the gauge group has Vi fundamentals, such 
that Wik = n, where k = and gi is the factor in the gauge group. 
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Figure 10: A-model for Fi = D„_27F2 = ID)m-2, with n,m odd. B-model is identical with m 
replaced by n and the integers{wj}s by {vi} 



dimM^ = 2k{m - 1) (42) 

dimM^ = 2k{n-l) (43) 

B-model:S'p(A;)^ x SO{Ak)^ x Sp{2k)^ x U{2k) gauge theory, with half-hypers in the bi- 
fundamental of Sp{k) x SO{Ak) and Sp{2k) x SO{Ak) and one hyper in the bi- fundamental of 
Sp{2k) X U{2k) . The ith factor of the gauge group has Vi fundamentals, such that '^iVik = n, 
where k = -^""^(g') and gi is the factor in the gauge group. The quiver diagram for the B-model 
can simply be obtained by replacing m and n and the WiS by f jS in figure [TOl 

dimM^ = 2k{n - 1) (44) 

dimM^ = 2k{m - 1) (45) 

The mirror duals resulting from (1),(2) and (3) have been discussed in the literature [1],[2] in 
great detail. In the appendices, we derive the field content of the mirror dual theories in the cases 
(4)- (8), using standard orbifold/orientifold projection techniques [15] directly from the Type IIA 
brane construction described above. 

There are two points which need to be discussed for the theories involving D-type singularities: 

1. The map between the set of integers {wi} and {vj} is not clear in these cases. 

2. There seems to be an apparent mismatch of the number of masses and FI parameters 
between the dual theories. For example, in the Z„ x ©^-2 (^ even) theories, the B-model 
has ^ — 1 FI parameters and it is not clear apriori whether this matches with the number 
of independent hypermultiplet masses in the A-model. 
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In the next section, we shall address the above questions by resorting to Type IIB brane con- 
structions. We shall restrict our discussion to Z„ x B>m-2- type mirror dual theories, for even n. 

Type IIB description for some of the theories listed above have been discussed in [6] , [I3] and 
[H] . Generic Sp x 5*0 quivers ( recall that mirror duals arising out of D„_2 x ©rra-2 singularities 
in the M-theory are of this type) have been discussed in [3] in some detail. The Type IIB brane 
construction in [4] can be used to find the appropriate map between the sets of integers {wi} 
and {vj} in a way similar to the Z„ x case, described below. However, we will leave a 

discussion of this particular category of mirror duals for a future work. 

3.3 Z,j X 2 theories : Type IIB description 

Generically, Type IIB description of theories arising from D-type singularities in the M-theory 
requires additional ingredients - 05 planes and orbifold 5-planes [6j. S-duality maps the orb- 
ifolding operation (— )^^X4 into the orient if olding operation QX4, where X4 denotes a Z2 action 
on 4 of the spatial directions (we will specify which ones below). For concreteness, consider the 
mirror pair in figure [ID The A-model is essentially a Dm-2 quiver gauge theory with | hypers 
on two of the nodes with Dynkin label 1 (corresponding to gauge groups U{k)i and U{k)2)- 
The brane construction for this theory (shown in figure [12] (a)) involves the same background 
M. : M^'^ X S*^ X X with D3, D5 and NS5 branes extending in precisely the same directions 
as described in section 2. In figure [12], the black spheres and the solid vertical lines denote the 
NS5s and the D5s respectively, while the horizontal solid lines represent D3 branes. The vertical 
dotted hues represent orbifold fixed planes while vertical dot-dashed lines are used to represent 
05° planes (to be defined below). The orbifold fixed planes are parallel to the NS5 branes while 
the 05° planes are parallel to the D5 branes. 

We consider a Z2 orbifolding on x - directions transverse to the D5 branes. The compact 
direction along the D3 branes is, therefore, the orbifolded circle /'L2 and the fixed points (at 
s = 0, L) correspond to the locations of the two orbifold fixed planes in the compact direction. 
We place m — 2 NS5 branes in this interval with 2k D3 branes stretching between consecutive pair 
of NS5s. At each of the two boundaries, we also have 2k D3 branes connecting the orbifold fixed 
plane and the nearest NS5 brane. Finally, we put | D5 branes in the interval between s = and 
the nearest NS5 branes. The particle-content of the resultant three-dimensional theory can now 
be obtained by standard orbifold-projection techniques. Away from the boundaries, open strings 
on the 2k D3 branes between any two consecutive NS5 branes give a U{2k) vector multiplet 
while those connecting D3 branes stretched between adjoining pairs of NS5s give bifundamental 
hypermultiplets as before. But there is an important subtlety involving D3 branes which end 
on the orbifold fixed planes. These branes are charged under the RR twisted sector U{1) gauge 
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field living on the orbifold plane, as can be verified directly by a boundary state computation 
[11] . The computation also shows that ,for D3 branes ending on the fixed plane, there are two 
allowed configurations , differing in their charge under the twisted RR gauge field - we shall call 
these "+" and "-" states respectively. 

Now, suppose we have D3 branes in the "+" state and k_ D3 branes in the "-" state(A;+ + 

= 2k). The action of orbifold (—1)^^X4 on the CP factors of the D3 branes is given by a 
diagonal matrix with /c+ entries equal to +1 and A;_ entries equal to -1. Obviously, this breaks 
the gauge group from U{2k) to U{k+) x U{kS) and a similar action on the D5 CP factors 
(diagonal, n/2 entries +1 and n/2 entries -1) implies that each factor in f/(A;+) x U{kJ) has n/2 
fundamental hypers. The bi-fundamental hypers of U{k^) x U{k_) are projected out by the 
boundary conditions on the NS5 brane. Therefore, for k^ = k_ = k a.t both boundaries, we 
obtain the required quiver gauge theory for the A-model. 

The brane construction clearly shows that the A-model has a total of | — 1 fundamental mass 
parameters - putting all the D3 branes at the position of the zth D5 brane leaves exactly 
^ — 1 free parameters. Since D3 branes on the left and right of each NS5 brane can be chosen 
to have same position in all the bifundamental masses can be set to zero. Also, the total 
number of Fl parameters is m — 1, which can be seen as follows. The Fl parameters for the U{k)i 
and U{k)2 gauge groups are obviously equal, since they are related to the position of the 
same NS5. The same argument holds for the U{k)s and U{k)i gauge groups. The total number 
is therefore, (m — 3) + 2 = m — 1. 

Now, mirror dual for this system of branes (shown in figure [T^] (b)) is given by the action of 
S-duality (followed by a rotation ^ I^^)- The NS5s are mapped into D5s and vice- versa, 
while each orbifold fixed plane is mapped into a 05° plane - a single D5 brane coincident with 
a parallel 05~ plane. Therefore, the B-model consists of | NS5 branes placed between two 05° 
planes in the compact direction. In addition, there are m — 2 D5 branes between one of the 
NS5 branes at the boundary and the closest 05° plane. This naturally leads to the quiver gauge 
theory of [TTT b) - a Sp{k) x U{2k)^^'^~^ x Sp{k) gauge theory (bifundamental hypers as indicated 
in the figure) with m — 1 hypers in the fundamental of one of the Sp{k)s and 1 hyper in the 
fundamental of the other. 

Evidently, the number of Fl parameters for the B-model is ^ — 1 while the number of fun- 
damental mass parameters is m — 1. Since the D3 branes at the two boundaries actually end 
on the boundary D5 branes and therefore have to be localized at the same points as the 
respective D5s, the two fundamental hypers (originating from the D3-D5 open strings for the 
boundary D5s) will be massless. The number of fundamental masses will then correspond to 
the positions of the remaining D5 branes, namely, (m — 2). However, all the bifundamental 
masses cannot be set to zero by the same reasoning as before. Since the D3 branes at the two 
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boundaries have different positions, one can only set ^ of those to zero leaving behind one 
massive bifundamental hyper. This leads to a total of m — 1 mass parameters in the B-model. 

Therefore, the exchange of FI parameters and masses in mirror duality can be established 
in this case as well, with the brane construction giving a clear map between the two sets of 
parameters. The derivation above also shows that there is no real mismatch in their numbers 
between the dual theories. The map between the sets of integers {wi} and {vj} encoding the 
distribution of fundamental hypers on the dual theories can also be read off from the rules of 
S-duality stated above. In the next section, we will compute the partition functions of the dual 
theories using localization techniques and explicitly derive the mirror map. 



u{k) m 




\ U{2k)^ U{2k)^ U{2k)n_^ 

m-1 (6) 1 



Figure 11: A mirror pair of Z„ x 0^-2 type, n even 



4 Computation of Partition Functions for the Dual The- 
ories 

4.1 Localization on and Mirror Symmetry 

In the IR limit, one can compute the expectation values of a certain set of observables (described 
below) in Af — A theories in d = 3 by evaluating the corresponding path integral on with 
localization techniques. 

To locahze the path integral of a theory (deformed by mass and FI parameters) on S^, one 
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Figure 12: Type IIB description of the mirror pairs in figure [TT] 



first needs to identify the supercharge Q corresponding to a Kilhng spinor e on S*^. The prescrip- 
tion,then, is to add a Q-exact term to the action: 



where the sum extends over all fermions in the theory and t is a real parameter. One can easily 
show that the expectation values of the partition function and other Q — closed observables are 
invariant under such a transformation and hence can be calculated in the t — t- oo limit. In this 
limit, the path integral localizes to field configurations which makes the Q — exact functional 
vanish. 

The zero locus of the functional requires all bosonic fields in the matter hypermultiplets to 
vanish. For the vector multiplets, the only non-vanishing fields are a, D living in the M = 2 
vector multiplet (which is part of the A/" = 4 vector multiplet), such that a = —D = ctq, where ctq 
is a constant on S"^. Also, one can gauge-transform ctq to an element of the Cartan sub-algebra 
of the gauge group, by introducing a Vandermonde determinant into the integration measure of 
the path- integral. For the background vector-multiplets, one can show [9] that $m = = 0, 
while Vpi and Vm contribute respectively to the classical action and the 1-loop partition function 
as described below. 

In the limit of large t, the saddle point approximation for the partition function is given as. 




(46) 




(47) 



24 



The classical and 1-loop contributions for the gauge and matter fields can be summarized as 
follows: 

Classical Action 

For the A/" = 4 theories with superconformal IR fixed points, Sd [o"o] does not have the usual 
quadratic term in ctq - it only contributes a term linear in ctq coming from the BF coupling with 
the background vector multiplet Vpi: 

• "S*" = 2TTir]Tr{(Jo) 

for every U{1) factor in the gauge group. 
1-loop Determinant 

• Each Af = 4 vector multiplet contributes 

TT sinh7ra(oro) 

(^«(^„))2 (48) 

a 

where the product extends over all the roots of the Lie algebra of G. 

• Each A/" = 4 hypermultiplet contributes 

Ztioop = n cosh7rp(ao + m) ^^^^ 

where the product extends over all the weights of the representation R of the gauge group 
G and m is a real mass parameter. 

The Vandermonte factor in the measure exactly cancels with the denominator of the 1-loop 
contribution of the vector multiplet for each factor in the gauge group. 

The integrand obtained from the above set of rules has to be divided by the order of the Weyl 
group to account for the residual gauge symmetry. 

This completes the prescription for writing down the partition function on for any A/" = 4 
gauge theory in three dimension with a given gauge group and a given matter content in some 
representation(s) of the gauge group (with the same set of restrictions as noted in [9j ). 

In the next subsections, we will describe two examples in which mirror symmetry between 
two theories can be confirmed by computing the partition functions of individual theories and 
showing that they are identical, with masses in one theory becoming FI parameters in the other 
theory and vice-versa. 



25 



4.2 A Simple ExamplerFi = Zj^, r2 = Trivial 
The mirror duals for Fi = Z„, r2 = Trivial are, 

A-modeh U(k) gauge theory with n fundamental hypers and 1 adjoint hyper. 

B-model: U{k)^ gauge theory given by a Z„ quiver {{n + l)th node identified with the 1st) with 

one hyper in the fundamental of one of the U{k)s. 

In the Type IIB (Hanany-Witten) picture, the A-model corresponds to the world volume 
theory of k D3 branes beginning and ending on a single NS5 brane and n D5 branes. The B- 
model, on the other hand, corresponds to sets of k D3 branes stretched between n NS5 branes 
and 1 D5 brane. 

From the set of rules summarized in the previous section, the partition functions of the 
A-model and the B-model on can be readily computed: 

n,,-.- sinh^ vrfa' — a^) . ^ . 

rfV — p exp 27Ttr] V a' (50) 

Hi J cosh 7r(cr* - + madj) n,>=i cosh 7r(cr* + m;i) ^ 

,2 , 



11 n. cosh M^i + m) n.,,„,..,„ cosh - + mj ^ '''' 



where cx^^^ is identified with a\ . 

Now, Zb (as also Z a) can be recast into the following form: 



exp 2TTiTi{ai - a^l^l' + mt 



a=l pi 
71+1 n • it i Pb{i) 



(52) 



cosh7r(r^) 



cxp27riTj((Tj-cr^l*'^) 
cosh7r(crJ+r7i) 

be interpreted as the contribution of the only brane to the partition function. The expression 

" ZLl^l) ^ on the other hand, can be interpreted as the contribution of 
the 6-th NSb brane to the partition function. 

Now, consider the numerator of the Zb integrand: 

rn+l (_^\PaT^ o^T^ 0-rrn-^i(^i _ W 



where ajj_,_2 is identified with a\. Following [9J, the expression Xlpi(~l)''^ Ili — cosh^Cg'+m) — '"^'^ 



n::! E,„(-l)^" n.exp27r.r:« - (with a„+2 = a^) 

Wat\ n. exp 27rz<(r: - r£^^^^)(with = r^^, 

YC=\ Ep.!-!)"" n.exp27rz<(r: - r.^^ 
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In the last step, we relabel — )> — r^+i, with r„+2 = ^i- The above equalities prove that the 
numerator of the integrand has a symmetry under <^=^ — t^. 

Given the said symmetry, the partition function Zb can be written as. 



a=l Pa i X XI \ J. / 



(53) 



Note that in the denominator we have implemented the redefinition — ?> — Tq+i, which is neces- 
sary for making the above-mentioned symmetry of the numerator manifest. 

The action of S-duality on the integration variables in the partition function is then given by 
Ua <^=^ —Ta- The S-dual partition function can be written as. 



//t-r J. ^ 
0.=! Pa i \ 1 ' J ^^^^ 



n o cosh Tral 



On integrating out the t„+i, (J„+i;r„, T2, c"2, we have. 

Pa j 

11 1 

Hi cosh7r(-ri + m) ]\. cosh7r(cT^ % .... cosh7r((T^ + 774 + .... + r;„+i) 

1 1 

X 



Hi cosh 7r((7j + 77„+i) Hi cosh 7r((7i) 

X g(-27ri(m2+m3+...+m„+i)X)i<^i) 

(55) 

The permutations pi,p2, , Pn+i can all be combined into a single permutation since the inte- 
grand only depends on the product of their action on the index i. Then, integrating out r{ and 
using the Cauchy determinant formula, we have. 
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niCosh7r(a^) niCOsh7r(a-^ + ?7„+i).... Hi cosh7r((Tj + rj^+i + ■■■■ + 

g(-27rj(m2+m3+....+m„+i) J2i <^i) 

We note that the above expression is identical to Za, provided the parameters in the two expres- 
sions are related in a particular way. This set of linear equations gives the appropriate mirror 
map for the dual theories in question. 

Mirror Map Comparing the expressions for Za and Zb, one can read off the mirror map, 
as follows: 

rriad = -iV2 + + Vn+i) (57) 

m{ = 0,ml = ?7„+i, , m{ = ?73 + + ....+ ?7„ + r^^+i, (58) 

= -(m2 + ms + ....+ m„+i) (59) 

By a suitable relabeling of the FI parameters of the B-model, one can rewrite the mirror map in 
the more conventional form, 

Vi = ^{+1 - m{ {i < n),rin = ml - m{ - rUad (60) 

4.3 Partition Functions of Mirror Duals x 2 Case 

In this section, we compute the partition functions for mirror dual theories arising from Z„ x ©rra-2 
singularities in the M-theory picture and explicitly obtain the mirror map for the case where n 
is even. For concreteness, we consider the particular example of mirror duals in this category 
studied in the previous section (figure [TT!) . with the following field content: 

A-model: A U{kY x f/(2A;)™~^ x U{k)'^ gauge theory with bi-fundamental hypers and two 
sets of I hypers in the fundamental of U{k)i and U{k)2 respectively (figure [TT] (a)). 

B-model: A Sp{k) x U{2k)^^^ x Sp{k) with bi-fundamental hypers and (m — 1) hypers in 
the fundamental of Sp{k)i and one hyper in the fundamental of Sp{k)2 (figure [TT] (b)). 
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The partition functions of the above theories on in the IR hmit can be readily obtained 
using the rules summarized in the previous section. 



X 



K!a=i cosh7r(cri + ml) nj^Li cosh7r(a^ + ml) Y{i,p;ia,^) cosh7r(a^ - + niap) 
np<;,^=i,..,m-3Si^hV(a^ - 4) ^2,ri^„ TT e^^im 

np,i;^=i,2,...,m-4 cosh 7r(a^ - + m^) ^ 

(61) 

where the adjoint scalars for U{k)a is denoted as a\ and those for U{2k)^ as a^. {a, (3) labels 
the hypermultiplet in the bi- fundamental of U{k)a x C/(2A;)^ - obviously, ^ = 1 for a = 1, 2 and 
(3 — m — 3 ioT a — 3, 4. 

^ cosh 7r(c7i+M/) cosh 7r(c7i -M/) Hi COSh^TTfTl, ^ "'^^ ^ 2' 



^ np<^/3=i,..,f -2 sinh 7r(o-/ - a'^) sinh 7r(a/+, - gg+J -i^2.ir,;s,a> 
nij,/j=i,..,|-2 cosh7r(a^^ - a^'+i + M^) 



(62) 



where the adjoint scalars for the two Sp{k) factors are denoted as al and cr^^g respectively, while 
the scalars in the adjoint of U{2k)p are denoted as uj. Also, 

Wi^^ sinh^ 7r(x* — x^) sinh^ 7r(x* + a;-') Ffi sinh^ 7r2x* TT^^; sinhTrf?/^ — v') 

F(x,y;mj; ) = - - - —-^ ^ — — (63) 

Yli p cosh 7i{x' -yP + m^y) cosh 7r(a;* + 1/^ - m^^y) 

In the expression for Za, we have set the masses of the fundamental hypers to be pairwise equal 
and one can easily check that this is a necessary condition for Fl-like contributions corresponding 
to the Sp{k)i group to drop out from the dual partition function. Moreover, note that in the 
A-model the total number of independent fundamental mass parameters is f — 1- This can be 
directly seen from Za by redefining al al — m{ and a 2 — )■ cxg— m{, which shifts the fundamental 
masses (and two of the bi-fundamental masses) by —m{ and leaves a total of | — 1 independent 
fundamental mass parameters. This is consistent with the Hanany-Witten description of the 
A-model (discussed in the last section) which states that there should he n/2 D5 branes and 
hence n/2 — 1 independent fundamental hyper masses . Similarly one can show that the masses 
of the U{k)i X U{2k)i and U{k)2 x U{2k)i bifundamental hypers have to be equal. The same 
is true for the U{k)i x U{2k)m-3 and the U{k)4 x U{2k)m-3 bifundamental masses. Our goal is 
to demonstrate that the partition functions listed above are related by a simple redefinition of 
integration variables, implying that the quiver gauge theories (A and B model) fiow to the same 
superconformal theory in the IR. 
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We start with the A-model partition function. 
Define = (cr^, a^),a^_2 = (^^^l) 

Now, with this redefinition, n.<^^^^^^^^^ 

where Xfa; - n,<,-sinh^(x'-^i)sinh^(y^-y^) _ ^ 

Thus, 

= S.(-l)- n_,,„,^_,.,.,, = /*E,(-l)'ntSSexp2.>r.(.i 

The A'^jS'S contribution in the partition function can be rewritten as. 



np<i,/3=o,i,..,m-3sinh7r(a^ - 4) sinh7r(a^+i - a^+J 



np,/;^=o,i,...,m-3cosh7r(a^ - a^+i + mp) 

/3=0,l,..,m-3 P/3 p ^ 

Combining the NS5 contribution in the partition function with X{a3, (74), we have. 



i /3=0,l,..,m-3 P/3 P ^g^^ 



' Jl^ cosh TIT 

P 



Similarly,combining the " D5" contribution (i.e. the fundamental hypers) in the partition function 
with X((Ti,(T2), we have. 



Tob — f '■ 7~X(a'\^ G2) 

ni,aCosh7r(al + mi) ]\. ^ cosh7r(cT^ + mi) 



J p;a=l i a=l p„ p COsh TT ( (j/ + ) 

X (^(-l)''5+^exp27riTj'^,(a'|^, 
x(E(-l)'fl^-P2.,r-(.S,.-4;f)) 



cosh TTT* 2 + 2 ■ 

p J. 



(66) 
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with the identification = ctq = ((T^jCXg). Note that we have added an extra pair of auxiliary 
variables ((J|+i, r^+i) in the integral. 

Since the NS5 contribution is antisymmetric under permutation of the indices of CTq, 
the D5 contribution can be antisymmetrized for d'Q(i.e.aQ) and by the same reasoning, for 
cr/', , al, as we have done above. 

Putting the two contributions together, we have. 



— +1 

-pfiip) 



/3=0,l,..,m-3 pp V " 

a P 

(67) 

where laicr' ,t') — 1, cosh7r((72' + m{) for a = | + 1, a < | respectively. 

We now demonstrate that the action of S-duality on the integration variables is given by 
the simple redefinition: cr'^ •<-> — r'^, 5"^ •<-> — f^; r, f remaining invariant. To this end, we will 
consider the action of S-duality on the individual terms T^^ and Tjvss- 

In Td5, the numerator transforms as follows under the transformation a'^ •<-> — r'^. 



a=l Pa p a=l Pa p 

= n E(-l)" n 2vrz.^^(a:^ - alfr ^^^) ^''^ 

a=l Pa P 

X exp 27ria|'_(_-^r/^j^ exp —2niafTQ''^^\ 



Hence, 
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n / —1 / 



0=1 Pa P 

^ R-COShTTT* 2+^^ 2+^ ^ 2+^^ 2+1 

pi p 

On integrating out t'J' (for a = 1,2,...,|) and r' (none of which appear in the NS5 term), we 
have, 



J t}'^ V coshvr(a:--aXr^^)) r ^ acoshvrr^ 



)) 



pi 



(70) 



Finally, using the Cauchy determinant formula, we obtain, 

" np<.sinh7r(<72'-<7;0sinh7r(a:%-<7:'^,)^_^ asinh7r2<7l 



2 

^D5 



/■ A 1 1.^; smh TT (7/ - a') smh tt o"/, 1 - a'. ) ^ YU ^^^^ tt^ct^ , 1 „ , . 

I IT iiP<^ V g+l g+l/ ^\ ^\P ^ 2j^ r/ 'fc+i I _ P W\\ 



X n«'p-2''*''iv**)( n ^^f-^^i^i"'^ - "If. ')) 

Pi P p;a=l 

(71) 

with Tq^ = Tq . 

Now, similarly, the numerator of the NSh term transforms as, 

/9=0,l,..,m-3 p,3 P 

^ n (E(-i)''' n ^^p 2^^^^(^i - ^'A^^ + ^/^)) 



=0,l,..,m— 3 p^ 



= n (E(-i)''-^n^^p2^^^i(^?-^?-i'^'^))n^^p2^^^oTo^^ ^^^^ 



/3=l,..,m-3 p^_i 
m— 3 

X JJ^ exp — 27ricr^m^ 

/9=0 
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Therefore, one can write the NS5 contribution as, 



/3=l,..,m-3 p/3-1 p P p ^ 



X 

Pm-3 



X (E(-l)'' n ^^exp2Wte_, - ei'")) 



cosh TTT 

p 

m—3 

X ( JJ^ exp — 27ricr^m^) 

p;/3=o 



Integrating out rf , r|, , f^.a, we have. 



(73) 



TnS5 



=/.n n 



/3=0,l,...,m— 3 p 

-p. exp27r2(ag-r/g)fo^ ^ Tf ^^^^11^ ^^^2mr'Ur - f'^^'^h) ^^^^ 

m—3 

( Y\ exp — 21:10^111 

p;(S=0 

where 77 = E?=f ^/3- 
Note 

that, Ep,n,=o,i,...,m-3(-l)^''npexp-27riao^°"----''--(^V^^^^^^ = Ep(-l)^n,exp -27rzagfS, 
where, p = p„_3 o p^_4 o .... o p^. 

Also, note that T^sb only depends on p'op~^, so that p can be taken to be a trivial permutation 
of the indices (the integrand gets multiplied by a factor of 2k\, which we will ignore). 
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Plugging this back in the expression for T/v^g, we have, 



p' i 

■~p V\~V ^""3 



cosh 7r5"n 

1 



/..n n 



/3=l,..,m-3 p COsh7r(a^ + El;-3^/3) 



cosh TTT 

~r) m— 3 



cosh TTCTn - - 

p;/3=0 



;3=i,..,^-3 p co^hTrK + ELsr/,)^^^ ^cosh7r(aS + ,7 + ,73)' 

(75) 



cosh TT an 

p " p;/3=0 



where we have integrated out Tm-2 and r' in the second and the final step respectively. 
Therefore, the final expression for T^sb becomes. 



f = /r TT TT exp27ri(ag-r/g)f^ 1 -j-r sinh27r(a^ + r/ + ^ 

J Ji-s ¥ -sh .(ag + ELs V,) ^ n, cosh ^1 1 cosh^ .(a^ + , + ,3) ^ 

m-3 (76) 

X (E(-l)''' n ^(^0^' + + 27? + 7?3 + n -Svr^ao^m;^) 
p' i p;/3=o 
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The S-dual partition function of the A-model is then given as, 

Z ^ f TT TT I 1 -|-|- sinh27r(a^ +77 + 773) 

^ J .Ji^ o-^„-^cosh7rK + EL3^^)npCosh7rag^-LlcoshV(aS + 77 + 773)^ 



=l,..,m— 3 p 



Anp<.smh7r(a:^'-a:0sinh7r(ai^,-a:'+,) asinh7r2a|^ 
=1 np,iC0sh7r(ai'-aj+i) Hi cosh T^ai^^ ^"rj^^ 

n <^(^o'^''^'^ + + 277 + 773 + r74))(E(-l)'^(^'|:i + ^Q^)) 



X 

a=l 



Pa + l(P) 

a+1 



X 

P 



m— 3 



X n -'^^'^(^'iX exp 27ri(a^ - 77g)fo^)) JJ exp -27ria^m/s 

Pi p p;/3=o 



(77) 



By relabehng the integration variables, one can reduce all of p', p, pi to trivial permutation. Now, 
we define ^0 + V + V3 ^ ^0 ctq"^* + 77 + 774 ag"^'. 
With this redefinition the delta functions imply, 

^0'^' = -^0 (79) 
Also, on integrating out Tq , the resultant delta function relates a[ and CTq as follows: 

= ^0 - ^ - ^1 - V3 (80) 
= ^o"-' -V-V2-V4 (81) 

Now, integrating out cr'i^l and cTq'^'^*, 



2 

1 



A 



^ /3=5m-3'? COsh7r(a^-77 



^3 + Em-3 Vp) cosh 7r(a^ + 77 + ?73 - Em-3 ^/s) 
1 



X 



cosh 7r(crQ — ri — rjs) cosh 7r(a"Q + 77 + 774) 



X 

n 
2 



^ sinh 2n{al) ^ ^ n,<i smh nia^^ - a2) sinh n{a,\, - ^2+,) ^ sinh 7r2a|^, ^ (82) 
cosh2 7r(a^) j}^ Up,i cosh 7r{a'i - a2+^) Ui^osh^ ^'^'l+i 



x(nexp2™{(<7:^-<7:;Y^^)) 

p;a=l 

with a'l given as a function of as above. Note that the contribution of the term 
n^^=o®^P — 27ricrQ7?7-/j drops out, since ctq"*"* = —^o- 
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For — T—pri ^ — , , — ; — r to be the contribution of a fundamental hyper of Sp(k) in the 

cosh 7r((TQ— ?7— ?73 J cosh 7r(crQ+?7+?74) •' ^ ^\ / 

mirror theory, we need 773 = 774. 
Also, 

Wp<i sinh T^{,(j'f - a'l) = Yl-^. sinh^ 7r(a-^ - a^) U-. sinh 7r(a^ + + ri2 + V4 - Vi - ^s)- 

For the above to be a contribution to a Sp{k) vector multiplet in the mirror theory, we need 
to set, Tji = 772- Note that the partition function computation, therefore, reproduces one of the 
predictions from the Type IIB brane construction,namely, rji — r]2,r]3 = r]4. 

Finally, the remaining phase factors can be rewritten as, 
nj=inpexp27rim{((7lf-a;+r ) = nj=2npexp27ria;f(m{-m{_i). Thus,we can recast Za 
as follows: 



, m— 3 ^ 



=1 rii cosh 7r{a'o - r] - r]s + Em-3 Vfs) cosh 7r(a^ + V + Vs - Em-3 Vp) 



X 



Hi cosh7r((Jo - V - Vs) cosh7r(cro + V + Vs) cosh^ iraQ Hi cosh^ ^cr'|+i ^§3^ 



X F(a-o, (72; -{r] + + ^3))^(f^£+i, crn; 0) 

np,/,/3=l,..,f-2COSh7r((T/-(7^Vl) a=2 p 

Finally, relabeling, aQ ^ a\,a^ ^ a^_^{ior /3 = 2, 3, ...|),cr'n^^ ^ Cn , we conclude that, 

= (84) 

with certain relations between the mass and FI parameters, which precisely state the mirror map 
in this case. 
Mirror Map 

Comparing the expressions for Za and Zb, we see that. 



"^M/ = - (77 + 771 + m) (85) 

All other bi-fundamental masses in the B-model are zero. 

The (m — 2) fundamental masses in the B-model are given as. 



a-l 



Ml = -(77 + 773 - J] = V^ + V3);a^ 1, 2, m - 3 (86) 

m— 3 1 

ML2 = -iv + Vs), = 0, = (87) 
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The non-zero fundamental masses, together with the non-zero bi-fundamental mass gives a total 
of (m — 1) mass parameters as predicted by the Type IIB description. On the other hand, the 
n/2 — 1 FI parameters of the B- model are given as, 

VP = S+1 -ml,P = 1, 2, 1 (88) 

Since only ^ — 1 of the masses in the A-model are independent, as we argued before, we may set 
mi to zero, which slightly modifies the mirror map as follows: 

fji = mi, -qf = mji^i - mj, /3 = 2, ^ - 1 (89) 

Therefore, to summarize, the total number of independent mass-parameters is | — 1 and the 
number of independent FI parameters is m — 1. In the B-model, the total number of independent 
(non-zero) mass parameters is {m — 2) + 1 — m — 1 and the number of FI parameters is f — 1- 
Thus, there seems to be a perfect match of allowed deformations in the two theories, under mirror 
symmetry. 

The above computation can be trivially modified to include fundamental hypers for the U {2k) 
factors, as long as U{k)i and U{k)2 (and similarly U{k)^ and U{k)i) have equal number of fun- 
damental hypers. 

We would like to end this section by briefly commenting on the number of FI parameters and 
masses of the A-model that enter the mirror map computed above . As shown earlier, duality be- 
tween the A-model and the B-model seems to require that, in the A-model, rji = ri2 and = 774, 
so that there are only m — 1 independent FI parameters as opposed to the expected number 
m for a quiver (corresponding to every U{1) in U{kY x U{2k)"''^^ /U{1)d, U{1)d being the 
diagonal U{1) subgroup of the gauge group). The fundamental masses of U{k)i and U{k)2 are 
also required to be pairwise equal, so that there are only n/2 independent fundamental hyper 
masses. Finally, the mass of the U{k)ixU {2k)i bifundamental hyper has to be equal to the mass 
of the U{k)2 X U{2k)i bifundamental hyper (same is true for the masses of the U{k)3 x U{2k)jn-3 
and the U{k)4 x U{2k)m-3 bifundamental hypers). 

Now, the Dm quiver has a Z2 outer automorphism symmetry which acts by exchanging the gauge 
groups U {k)i and U {k)2 (as well as U {k)s and U {k)4) . The reduced number of FI parameters and 
hypermultiplet masses (and, in particular, the relations connecting some of the FI parameters 
mentioned above) can be readily explained if we require the A-model to be even under this outer 
automorphism (understood as a discrete gauge symmetry) so that the Z2 odd operators of the 
theory are projected out. The action of this symmetry on the space of moduli of the theory, in 
particular, projects out linear combinations of FI parameters and hypermultiplet masses which 
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are odd under the aforementioned transformation. The space of FI parameters of the gauged 
theory , even under this discrete symmetry, is then restricted to rji = 772 and rj^ = ri4. Exactly 
analogous argument holds for the hyper mult iplet masses. 

We, therefore, conclude that the supersymmetric gauge theory dual to the B-model (described 
in figure 11(b)) is a quiver, specified in figure 11(a), which is also even under the action of 
the Z2 outer automorphism as a discrete gauge symmetry. 



5 Conclusion 

In this note, we have discussed the M-theory description of mirror symmetry in three dimensions 
for a large class of A/" = 4 quiver gauge theories, involving an eleven-dimensional supergravity 
solution with the geometry Ai = M^'^ x ALEi x ALE2 and a configuration of four-form G- 
fluxes over the eight-dimensional transverse manifold ALEi x ALE2. In particular, we argued 
that a pair of quiver gauge theories, mirror dual to each other, can be described by the M- 
theory backgrounds Mi = M^'^ x ALFi x ALE2 and M2 = K^'^ x ALEi x ALF2 respectively, 
for generic values of gauge couplings. In the IR limit, which is also the strong coupling limit 
for the gauge theories, the dual theories, in question, flow to the same M-theory background, 
Mir = M^'^ X ALEi x ALE2. 

This M-theory interpretation readily allows one to use the A — D — E classification of ALE 
spaces to derive a systematic catalogue of the discrete families of mirror symmetric quiver gauge 
theory pairs. In addition to the well-known examples (figures [SHS]) , the procedure leads to a set of 
new mirror duals (figures l& HTOj) . the field content of which are determined from the corresponding 
Type IIA set-up, as previously explained. For the Z„ x Dm_2 theories [n even), we have presented 
the Type IIB brane construction to illustrate the map between the two sets of integers {wi} and 
{vj} (which parametrize the distributions of fundamental hypermultiplets on the dual quivers) 
and discussed relevant features of mirror maps for this class of dual theories. 

The duality can be tested beyond the moduli space arguments , by directly computing par- 
tition functions of mirror-dual theories on in the IR limit using localization techniques. An 
agreement of the partition functions essentially gives a proof of the duality for the pair of the- 
ories under consideration. After demonstrating the procedure in one of the simpler and more 
well-known example of mirror duals (Z„ x Trivial), we perform a computation for the Z„ x Dm_2 
(n even) case . In addition to confirming the duality,the partition function computation provides 
a way to explicitly determine the mirror-map for this family of dual theories. We observe that 
the mirror map obtained in this case is in complete agreement with the predictions from the 
Type IIB set-up. 
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Appendix A 

6.1 Dual Theories for Z„ x ID)rn-2 Singularity 

Case 1: n even 

A-Model : The A-Model corresponds to the case where the M-theory circle lies along the 
ALF obtained by deforming ^ . The resulting Type llA background consists of n D6 branes 
wrapping the t^—. There are k D2 branes parallel to the D6. The D2 branes wrap the directions 
0, 1, 2,while DQ wraps 0, 1, 2, 3, 4, 5, 6. 

Since this background does not involve orientifold planes, one only needs to compute the 
orbifold projection of the spectrum of open string states under F = D„i_2 from the D2 — D2 
and the D2 — D6 sectors to obtain the field content of the world-volume theory on the D2 
branes. It is sufficient to deal with the NS-sector fields (bosons) only, since the R-sector fields 
(fermions) will naturally assemble themselves into appropriate supermultiplets because of the 
Af — 4: supcrsymmctry of the background. 

D2-D2 Spectrum The NS-sector fields, arising from D2-D2 open strings are: ^^(/x ~ 
0, 1,2),A:/j.(/ = 3,4,5,6),i;5(a = 7,8,9); where ij = 1,2,....,A^ are the Chan-Paton factors 
with N — k\r\ being the dimension of the covering space. The indices /i and a are invariant 
under the action of F. X^s can be arranged into a pair of complex fields on which F acts by the 
usual SU{2) action on C^. The action of the orbifold projection on the fields is given by, 

A, = ^ig)A,^{g)-' (A.l) 
X' = R^Mg)X-'^{g)-' (A.2) 

with the y"s transforming the same way as the A^s. 

The gauge field and matter content can be obtained by directly solving the above equations. 
However, the field content can also be derived from a more algebraic approach by counting the 
F-invariant homomorphisms, noting that A^j, F^™ G Hom[C^ , C^] and X-j e 2 Hom[C^ , C^]. 

For the gauge field. 
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{A%)r = Hom[C^, C^]r = [i/om(©iC'=">®n, ©^C'^^^^r.Olr = ©^jC'=">*®C'^"^ ®[r*®r,-]r (A.3) 

= ©iC'^""* © C'^"" = ®,C'"^'"''''* © C'^'^^"'''^ (A.4) 

= ©iii'om(C'='^^'^"%C'='^^""') (A.5) 

Here, (A^)r denotes the F-invariant homomorphism. In the second hne, we have used the fact 
that [r* © rj]r = 6ij (by Schur's Lemma) where r,, rj are irreducible representations of F = ©^-2 
(the notation used above is a bit sloppy since it uses the same symbol for a representation and 
the vector space it is defined on). 

We also assume that the representation of the orbifold group is regular i.e. the irrep rj appears 
dimri number of times in the decomposition of the N-dimensional representation into irreps of 
The sum in the last step is over all the irreps of Dm-2 - 4 of them 1-dimensional and 
(m — 3) of them 2-dimensional. The gauge group can be immediately read off from above: 

Ggauge = U {kf X f/(2A;)"-3 (A.6) 

The analysis is identical for the Y"" fields - orbifold projection yields 3 scalars (one for each a) 
in the adjoint of every factor in the gauge group. Thus the orbifold projected and F^, taken 
together, give the bosonic parts of 4 [/ {k) vector multiplets and (m — 3) U {2k) vector multiplets. 
For the , we similarly have, 

[2 © Hom{C^, C^)]r = Q^ja^f Hom{C'"^''^'\ ^ferfimr,) ^^^7^ 

(2) (2) 

where a\j vj = 2 © and aij can be directly read off from the extended Dynkin diagram 
corresponding to Dm-2- The 4 outer nodes in the Dynkin diagram (see figure [6] (a)) represent 
the 4 U{k) groups and the remaining nodes represent the U{2k) groups. Then afj is given by the 
number of lines connecting the ith and the jth node. So the orbifold projected fields assemble 
into the bosonic parts of hypermultiplets (4 real scalars) in the bi-fundamental of U{ki) x U{kj) 
for each pair of nodes (i, j) for which afj ^ 0. 

D2-D6 Spectrum For a single pair of D2-D6 branes, the DN/ND open string ground states 
yield a D = 3, A/" = 4 hypermultiplet, whose scalars are given by the complex doublet [Ha for 
ND).The two doublets are related by complex conjugation. 

In case of multiple branes, the CP structure of the scalars is hfj, where i = 1,2,...,N as 
before and / = 1, 2, n represent the CP factors corresponding to the D6 branes. The orbifold 
action on these fields is given by. 
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Ki = ^Mhfj^jhg) (A.8) 

where, 'yji{g) gives the action of the Vim~2 orbifolding on the CP factors of the D6 branes. 

We may choose the orbifold action to act trivially on the D6 branes. In that case, the orbifold 
projected fields, give the bosonic part of n hypermultiplets in the fundamental of one of the 
U{k)s. 

For a general non-trivial action on the D6 CP factors, we note that, hn G iJom(C^,C"). 
Now, as before, 

Hom[C'', C"]r = [i/om(©iC'="^ ® r,, QjC"^ ® r,)]r = ©^,,C'="^* ® C""^' ® [r* ® r,]r (A.9) 

= ©iC'^"'* © C"' = (SiC'"^'"''''* © C"' (A.IO) 

= ©iffom(C'='^^™"% C"') (A.ll) 

so that the ith factor in the gauge group has Wi fundamental hyper, subject to the condition, 
Widimri = n 

The particle content of the A-model can then be summarized as in the quiver diagram figure 
|6](a). 

Given the particle content, the dimensions of the Coulomb and the Higgs branch are as 
follows: 

dimM^ = 2k{m - 1) (A. 12) 

dimM^ = nk (A. 13) 

B-Model : The B-Model corresponds to the case where the M-theory circle lies along the ALF 
obtained by deforming ^ . The Type IIA background now consists of m D6 branes near an 
06 plane, wrapping the ^. There are again k D2 branes parallel to the DQ. The D2 branes 
wrap the directions 0, 1, 2,while D6 wraps 0, 1, 2, 3, 4, 5, 6. 

D2-D2 Spectrum The NS sector fields are now projected under the action of both the orbifold 
and the orientifold group. The orbifold action on the fields are precisely the same (albeit under 
a different orbifold group,viz. Z„) and the orientifold action is given as follows: 

= -^{nZ2)Al^{nZ2r' (A.14) 
Xi = 7(fiZ2)Xf7(fiZ2)^^ (A.15) 
Ya = ~^{QZ2)Yj^{QZ2)-' (A.16) 
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The matrix 7(f2Z2) has to satisfy the following consistency conditions: 



{^2? = I : 1(^1^2) 



(A.17) 
(A.18) 



where (7 G Z„ is the generator of the orbifold group. We choose the following regular represen- 
tation 7((7) on the CP factors: 



lid) 



where is a 2A; x 2k identity matrix. Let 7(nZ2^ 
i,j = 1,2, ....,n. Then, equation lA. 181 implies: 



(hk . . 








\. . . 





A 



i,a;j,pi 



(A.19) 



where is a {2k x 2k) block and 



ci+j A. . ^ _ /I . . ^ 

Hence, i + j = n for Ai^a;j,i3 7^ 0. On the other hand. equation RTlTl implies: 



(A.20) 



A ■ 



n—i,fi 



-A 



n—i,f};i,a 



with z = being identified with i = n. Thus, choosing Ai^a\n-i,p — ^ap, — ^ ^ - 



(A.21) 

5af5, for < z < |, we have 

n-i,/3;j,a = -"a/?- -Tui L = u, 3, we liave ^j,„;i,/3 = -^L;j,/3 = ^2fc, where £2/0 IS the Completely 
antisymmetric matrix with non-zero entries ±1. Thus, taken together the matrix 7(^X2) is given 
as: 



A. 



—6ryH- For z = 0, we have A- 
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(A.22) 



Now, the Z„ orbifolding reduces the gauge group to U{2k)"-, so that the matrix A^ can be 
expressed as A^ = diag[Ao, Ai, A2, An-2, An-i], where each Ai is a 2A; x 2k matrix. From 
equation IA.141 we have: 
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Ai = -Al_^,0<t<'^ (A.23) 

^0 = -e2kA^e^^ (A.24) 

= -e2kAle-^ (A.25) 

Thus, the independent blocks consist of Aq and Aii which are in the adjoint of Sp{k) and 

Ai, A2, , A^_i which are in the adjoint of U{2k)s. The gauge group, on orientifold projection, 

is given by: 

G gauge = Sp{k) X U{2k)'l~' X Sp{k) (A.26) 

The y"s obey the same projection equation under orientifolding, giving three scalars in the 
adjoint of each of the component groups. Together with the gauge field, they constitute the 
bosonic part of the A/" = 4 vector multiplet for each of the component groups. 

As mentioned before, we assemble the Xjs into the complex doublet {A = 1,2), diago- 
nalizing the SU (2) action. 

The Z„ orbifolding implies, ^^^-'^^Xj^o-y^^ = Xi^a;j,i3, so that the non-zero blocks are Xj^j+i G 
i7om(C^'^, C^''), with i = being identified with i = n as before. The orientifold projection 
implies, 

X,,,+i = Xj_,_i,„_„0<i<- (A.27) 
-'^o,! = e2fe(X„_i_o)^ (A. 28) 

,f +1 = -^2feX|_i n (A.29) 

gives the bosonic part of a hypermultiplet in the bi-fundamental of U{2k)i x U{2k)i^i 
with i — 1,2, f — 2, while Xq^i and X^_i^n are in the bi-fundamental of Sp{k) x U{2k)i and 
C/(2A;)|_i X Sp(k). 

D2-D6 Spectrum Now consider the contribution of the D2 — D6 open strings. In general, the 
scalars /i^s will be projected under both the Z„ orbifolding as well as the orientifolding. Under the 
orbifolding, e //om[C^, C^"^], decomposes as, Hom[C^ ,C'^'^] = ®iHom[C'^'',C'^'''] , where 

Vi — m, the sum extends over the one-dimensional irreps of Z„, with not all ViS being zero. 
The Z„ projected scalars hfj (where D2 CP factor i — 1, 2, 2A;|r| on orbifold projection and 

CP factor 1 — 1,2, 2m) will now be projected under orientifolding. The orientifold action 
on the DN scalars is given by: 

h]; = i^2{nZ2),,'hl^n6m2)f, (A.31) 
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The orientifold action gives a total of 8km real scalars, which can be assembled into the bosonic 
parts of m fundamental hypermultiplets distributed among the factors of the gauge group, i.e. 
if the ith gauge group has Vi fundamental hypers, then J2i = ^■ 

The particle content for the B-model can thus be summarized as in figure Mjo) . 

The dimension of the Coulomb branch and the Higgs branch for the B-model are as follows: 

dimM^ = nk (A.32) 

dimM^ = 2k{m - 1) (A.33) 

Now, comparing with the results for the A — model, we have dimM^ = dimM^ and dimM^ = 
dimM^, as expected for mirror dual theories. 



Case 2: n odd 

A-model: The computation for the A-model is almost identical to the case where n is even. 
The D2-D2 spectrum is exactly the same - the B>m-2 quiver gauge theory with gauge group 
U{kY X U{2k)^~^ X U{kY and bi-fundamental hypermultiplets. The D2-D6 spectrum gives Wi 
hypermultiplets in the fundamental of the ith factor of the gauge group, such that Widimri = 
n, where the sum extends over all the irreps of Dm"2- Since n is odd, the above equation basically 
implies that the total number of hypers in the fundamental of the U{k)s have to be odd. This 
number is even for the case when n is even. The particle content of the A-model can then be 
summarized as in figured (a). So the dimensions of the Coulomb and Higgs branches are: 



dimM^ 



dimM^ 



2k{m- 1] 
nk 



(A.34) 
(A.35) 



B-model: The mirror theory,however, will have non-trivial differences with the n even case, 
essentially because the orientifolding matrix is different when n is odd. 

D2-D2 spectrum: The NS sector fields are projected by the same orbifolding matrix. The 
orientifold matrix satisfying the consistency conditions IA.17t IA.18I is given as: 
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(A.36) 
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Proceeding in the same way as before, the orientifold-projected gauge fields and the scalar fields 
YaS assemble into the bosonic parts of vector multiplets for the gauge group, 

71—1 

G gauge = Sp{k) X U i2k)— (A.37) 

The orientifold-projected X^s form the bosonic parts of hypers in the bi-fundamental of Sp{k) x 
U{2k)i and U{2k)i x U{2k)i+i (for 1 < i < ^). U{2k)n^ has one hypermultiplet in the 
anti-symmetric representation. 

D2-D6 spectrum: The action of orbifolding on the DN scalars is precisely the same as in 
the n even case. On orientifolding, we have a total of 8km real scalars which assemble into 
hypermultiplets in the fundamental of the different factors in the gauge group, so that if Vi is 
the number of fundamental hypers for the ith factor in the gauge group, then ^ . Vi = m. 

The particle-content of the B- model in the n odd case is summarized in figure [7] (b). The 
dimensions for the Coulomb and Higgs branches are: 

dimMc = k + ^^-^(2A;) = nk 

Tl — X Tl — 1 

dimMi = 2km + k{2k - 1) + -^{4P) - {2P + k) ^(4^^) = - 1) 

Comparing with the results for the A-model, we see dimM^ = dimM§ and dimM^ 
- as expected of mirror duals. 

6.2 Dual Theories for 2 x ID'm 2 Singularity 

We consider the case of even m and even n in detail. The computation for odd m (or n) is 
almost identical - the difference comes from the fact that the one-dimensional representations of 
a binary dihedral group of odd order are different from those of even order. 
A-Model The A-Model corresponds to choosing the M-theory circle to lie along the ALF ob- 
tained by deforming . In the Type IIA picture, we have n D6 branes near an 06 plane, 
wrapping the J^'^ , with k D2 branes parallel to the DQ. 

D2-D2 Spectrum The NS-sector fields A^',X^,Y'' have CP factors i = 1, 2, 2A;|r|, where 
r = 4(m — 2) is the total number of elements of ]D)m-2- First we consider in a little more detail 
the D,m-2 orbifolding which acts on the CP factors by the usual regular representation. The fields 
need to be invariant under the action of the two generators of the ©m-2 group, a and b and in 
the regular representation these are as follows: 
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with I — 1,2, ...,m — 3. The orientifold action 7(fiZ2) has to obey consistency conditions 
w.r.t both the generators, i.e.. 



7(a)7(QZ2)7(a)^ = ^{^Z^) 
'y{bh{nZ2h{bf = 7(nZ2) 



(A.42) 
(A.43) 



Denoting the orientifold matrix as ^{^'Z2)M,a;N,i3, where M.N label the different irreps in the 
regular representation, including their multiplicities and a, (3 run from 1 to 2k. M,N — i,j 
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denote the 1- dimensional irreps while M, N = I, J denote the 2-dimensional irreps. With this 
notation, the solution for 7(fiZ2) is given as follows: 



and finally, 



7(nZ2),, 



Ik 



'2)I;J 



^-4 

-f{nz2)i;j = o,i ^ J 

/ hk \ 
-hk 
-hk 

V hk / 

/ hk 0\ 

hk 

/2fc 

\ -/2fc 0/ 



J{even) 



J{odd) 



(A.44) 
(A.45) 
(A.46) 

(A.47) 



(A.48) 



= 0. (A.49) 

As before, the D2 — D2 spectrum is obtained by orbifold-projecting the fields and orientifold- 
projecting with the form of 7(f2Z2) as given above. The gauge-fields,for example, satisfy, 

A^" = 7(a)A'^7(a)"^ = -f{b)A^'-f{b)-^ = -7(^]Z2)A^^7(^]Z2)"^ (A.50) 
The resultant gauge group, is given by, 

Ggauge = Sp{kf X 50(4^)^-^ X Sp{2k)'^-^ (A.51) 

The X^s on projection, yield half-hypers in the bifundamental of Sp{k) x S0{4:k) and half-hypers 
in the bifundamental of Sp{2k) x SO[Ak) (see figure [8] (a) ).The F"s, as before, are projected in 
the same way as the gauge fields. 

D2-D6 Spectrum Since the action of the orbifold on the DQ brane is chosen to be trivial, one 
can simply choose 76(f2Z2) = hn ( 76(^^2) has to be symmetric since 72(fiZ2) is antisymmetric). 
The orbifolded fields, on orientifolding, give n hypers (and not half-hypers) in the fundamental 
of one of the four Sp{k)s. A non-trivial choice of the orbifolding action on the D6 branes will 
lead to a the ith gauge group having Wi fundamental hypers, such that Widimri = n, where 
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Tj denotes the irrep of I!>m-2 corresponding to the ith node in the quiver. The field content of 
the theory can, therefore, be summarized in figure [8] (a). 

Given the particle content, the dimensions of the Coulomb and the Higgs branch are as 
follows: 

dimM^ = 2k{m - 1) (A.52) 

dimM^ = 2k{n - 1) (A.53) 

B-Model The B-Model is simply obtained by exchanging m and n in quiver diagram for the 
A-Model and is summarized in figure [H] (b) . 

The dimensions of the Coulomb and the Higgs branch, in this 

dimM^ = 2k{n - 1) (A.54) 
dimM§ = 2k{m - 1) (A.55) 
Thus, dimM^ = dimM§ and dimM^ = dimM^ , as expected for mirror dual theories. 
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